Abstract. In an earlier paper, the authors constructed an explicit Chow Kunneth decomposition for quotient varieties of Abelian varieties by actions of finite groups. In the present paper, the authors extend the techniques there to obtain an explicit Lefschetz decomposition for such quotient varieties for the Chow-Kunneth projectors constructed there.
Introduction
It has been conjectured that every smooth projective variety X over a field k has a Chow-Künneth decomposition. Currently, Chow-Künneth decompositions are known to exist for curves and projective spaces [14] , surfaces [16] , abelian varieties ( [5] , [19] ), varieties with "finite-dimensional" motives [10] , and several other special classes. In an earlier paper [1] , the authors proved that the quotient A/G of an abelian variety A by the action of a finite group G has a Chow-Künneth decomposition, the projectors of which can be described explicitly by pushing forward the Chow-Künneth projectors of A (as constructed by Deninger and Murre [5] ) via the quotient map A × A → A/G × A/G. Although A/G is not in general smooth, the finiteness of G ensures that the machinery of intersection theory and Chow motives can be extended to varieties of this sort, which we term pseudo-smooth. Moreover, there are quotient varieties of the above form which are smooth, but not abelian varieties; Igusa [9] gives such a construction, possibly due earlier to Enriques.
In [13] , Künnemann proves the existence of a Lefschetz decomposition for Chow motives of abelian schemes; it seems natural to ask whether such a decomposition can be given for the quotient of an abelian variety, and, if so, it this can be given explicitly. Kahn, Murre, and Pedrini [10] have shown the existence of such a decomposition for these quotient varieties under the assumption of certain standard conjectures (which are shown to hold in characteristic 0 by [3] ). The aim of this article is to construct this decomposition explicitly, in arbitrary characteristic, without assuming any conjectures.
We recall the main result of [1] , which we will need in our proof. As in [1] , we work throughout in the category of rational Chow motives for pseudo-smooth projective varieties. 
is a Chow-Künneth decomposition for A/G. This decomposition satisfies Poincaré duality: that is, for any i,
The second author thanks the IHES, the MPI (Bonn) and the NSA for support.
In addition, η i acts as zero on CH j Q (A/G) for i < j and also for i > j + d in general. In case d ≤ 4, we may also conclude that η i acts trivially on CH j Q (A/G) for i < j and also for i > 2j. Now let k be a field and A an abelian variety of dimension d over k. Let G be a finite group acting on A, and let f : A → A/G denote the quotient map. We write ∆ : A → A × A for the diagonal map on A.
Following Beauville [4] , we set CH i s (A, Q) = {x ∈ CH i (A, Q) : n * x = n 2i−s x for all n = 0, ±1} and recall
Let L be an ample line bundle on A, and set b = c 1 (L). As in [13] , Assumption 2.1, we may assume without loss of generality that
Thus
Now let F A (FÂ) denote the Fourier transform on A (respectively,Â). We then define
In the next section we prove the following theorem, although our primary interest is in the corollary that follows:
) define a Lefschetz algebra in the sense of [13, section 4] . In particular, this implies that there exist projectors {q i,k |i, k} refining the projectors {η i |i} on A/G such the following relations hold on the sub-algebra of A/G generated by these correspondences:
These imply: Let A/G be the quotient variety and let h i (A/G) = η i denote the Chow-Künneth components constructed as in the theorem above. Define
Then the following hold:
We remark that assertions (i) and (ii) above follow immediately from Theorem 1.2 by Sections 4 and 5 of [13] ; thus, we focus our attention on proving Theorem 1.2 and statement (iii) above.
The above theorem clearly applies to the following classes of examples considered in [1] .
(1) Symmetric products of abelian varieties. Let X denote an abelian variety and X n /Σ n the n-fold symmetric power of X. Observe that the action of Σ n is not in general free so that the quotient X n /Σ n may not be smooth.
(2) Example of Igusa. (See [9] ) Let X be an elliptic curve over k, with char(k) = 2. Let t denote a point of order 2 on X. Define an action of Z/2Z on X × X by : (x, y) → (x + t, −y), and let Y denote [19] [20] . (This example may be generalized by taking X to be an abelian variety.) Now one sees easily that the action is free so that Y is smooth. Nevertheless, in positive characteristic, Y need not be an abelian variety as shown in [9] .
(3) Kummer varieties
The techniques involved in our proof are extensions of those of [1] , the main advantage being that it yields explicit closed formulae for all the operators involved. In contrast, the construction of the refined projectors {q i,k |i, k} in [10] is an inductive one; when applied to finite quotients of abelian varieties, it is of exponential complexity in the dimension of the abelian variety.
Proofs

Preliminaries.
One of the key steps in proving the main theorem of [1] was to show that given any action α : G × A → A of G on A, there exists an action β : G × A → A of G on A with the following properties: first, the quotient of A by the the first action of G is isomorphic to the quotient of A by the second action; second, for every g in G, β(g, 0) is a torsion point of A. This reduction will also be useful to us in the present article, so we assume henceforth that for every g ∈ G, g(0) is a torsion point of A.
Now let m g be the order of a g = g(0). Next, let m = g∈G m g , and
Note that if n ∈ E, m g divides n − 1 (for any g), so na g = a g .
For each g ∈ G, the map g : A → A defined by a → g · a factors uniquely as g = τ ag • g 0 , where g 0 : A → A is a homomorphism, and τ ag : A −→ A is the translation a → a + a g . Thus, if n ∈ E and a ∈ A, (n • g)(a) = n(g(a)) = n(g 0 (a) + a g ) = g 0 (na) = (g • n)a; that is,
Recall our choice of ample line bundle L from Section 1. It follows from [7] , Exercise II.7.5 that
By Proposition 2.5, this suffices to show
is an ample line bundle satisfying the hypothesis in 1.0.1.
Proof.
The third statement follows from the first by taking h = k = g and replacing β by (g × g)
* β. We prove the first statement only, as the second is similar.
Following the notation of (1.0.2), we define, for α ∈ CH * (A × A, Q), α G = gεG (g × g) * α and
Proof. From the equations above,
We now return to the proof of Theorem 1.3. By Lemma 2.4 of [1] , the elements ρ i = g,hεG (g, h)
In [13] , Künnemann defines correspondences L, Λ ∈ CH * (A × A, Q) with respect to a choice of symmetric ample line bundle and shows that (CH
) is a Lefschetz algebra. Since L G is such a line bundle, we see immediately that
) is a Lefschetz algebra in the sense of [13] . (2.3.1)
In particular, the following hold (for any j):
In this light, the following Proposition 2.3 may be viewed as an equivariant (almost) analogue of the statement (2.3.1). Proposition 2.3. The following properties hold:
G×G is a graded Q-algebra with unit element
Proof. Recall that ρ i = (π i ) GG . By Lemmas 2.1 and 2.2, we have
On the other hand,
The two quantities are equal by (2.3.2), thereby proving the fourth statement. The proof of the fifth statement is virtually identical. .
It remains to prove the commutator relation. Again, using Lemmas 2.1 and 2.2 together with (2.3.4),
Proof of Theorem 1.1. The projections A × A × A → A × A and A × A → A will be denoted p with the appropriate superscripts and subscripts to indicate which factors are the source and the target; the corresponding projections for A/G will be denoted q with the corresponding superscripts and subscripts. For
The middle row is an isomorphism by Hard Lefschetz for the Chow-groups of Abelian varieties as proved in [13] . Therefore the top row is injective while the bottom row is surjective, thereby proving statement (ii) in Theorem 1.1.
2.5.
Appendix. In this appendix we discuss briefly the arguments to show that the main results of [13] go through for line bundles L on an Abelian variety that satisfy the condition that n * (c 1 (L)) = n 2 (c 1 (L)). It is shown there that the only hypothesis one needs to impose on L is that c 1 (L) belong to CH 1 0 (A, Q). Therefore, it suffices to prove the following result. Proof. This is a standard computation:
Therefore, we obtain:
for all nεE. Since E is an infinite subset if the integers with infinitely many primes in it, the required conclusion follows.
